Phragmen-Lindelöf theorems for uniformly elliptic partial differential equations have been the subject of several papers in recent years (see e.g. [3; 4; 6; 7; 8; 10] ). Here we are concerned with the Phragmen-Lindelöf theorem for second order quasi-linear elliptic equations of the form (1) L[z] » Y o»(x, P)*x,xj = f(x, z, p), which need not be uniformly elliptic. The main result is Theorem 1 which roughly says that if u(x) is a subfunction with respect to (1) in a domain D contained in a half space and if u(x) ^ 0 on the boundary of D then either u(x) ^0 throughout D or the maximum of u(x) on a sphere of radius r is of order not less than r"1 for some ?7>0. Probably the most interesting feature of this theorem is that its proof essentially depends only on the behavior of the functions Unix, p) and/(x, z, p) for YPt = l-Forf=0 and dimension « = 2 it is shown that 77 = 1.
Let D be an unbounded domain contained in a half space of ndimensional Euclidean space and let T be the domain in 2«-dimen-sional Euclidean space defined by T= {(x, p) ss (xi, • • • , xn, pu • ■ • , pn).xED and -» <£,, • • • , ¿>" < + co J. Throughout the paper we shall use the notation: pi = dz/dx¡, rn=d2z/dxidxj, ||x||2= J^? x¿. 2 win denote summation over one or both of the indices i, j, l^i, jèn.
Equation (1) is considered subject, at various times, to certain of the following conditions :
(i) The a,j(x, p) are continuous and have continuous first partial derivatives with respect to the pi for all (x, p) E T.
(ii) y^ffl,-,(*:, p)uißj>0 for all real pi, • • • , p" (not all zero) and all (x, p)ET (i.e. we assume pointwise ellipticity). for all xED and for all z and pi.
(vi) There is a fixed m>n112 such that there exist constants ß and 7 so that |/(x, z, p)\ uß(p\+ ■ ■ ■ +p2»)y for all xED whenever YjPÏ^I, where7^(2-r,)/(2-2r;), and
The proofs will be based on the following principle: Maximum Principle [5] . and that M(R')>0 lor some R' (and hence by the maximum principle for all R^R').
For R^R' define , . t2 + (xn + R)2
Wr(x) =-ÏR2-' '
The following preliminary bounds will be used to show that there exists a constant a>0, dependent on «o, m, and n, such that Expression G of (5) is positive and by (7), (8), and (9) where / is a constant independent of R and a > 0. Therefore it follows from (6) and hypothesis (iv) that (10) is 2ra a0 4 a0 ßJNs (R)
Because lim sups,«, M(R.)/R*^Q we may choose R**>R* such
R2y-2 = |_ Rv J ^ 4r-la(n-l)lnßJ for all R^R**. Thus, retracting the preceding inequalities, we see that a -2maol(n-l)n"x suffices to make L\WR\ -f(x, Wr, WRx) g 0 for all x E GR, R ^ R**.
Throughout the remainder of this proof we consider an arbitrary but fixed R>R**. Assume u(x) g WR(x) for all xEDHSr. Now u(xq)=N2(R) for some point XoEDC^Sr, x0 interior to G%, and Wr(x)=N2(R) on S%. Therefore it follows from the maximum principle that WR(x)=u(x) in GR However, u(x) <Wr(x) at some points of DP\SbEGr.
Consequently u(x) > Wr(x) at some points of DÍ^Sr, so Hence by the maximum principle u(x)f^z(x) in DC\{x: \\x\\ ^Rf}, a contradiction.
It follows that u(x) ^0 in D. 
